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ABSTRACT

In this paper we measure the combined effects of interest rate and default
losses on banking portfolios. We show that for any desired level of confidence,
there is a critical level of banking spreads such that for sufficiently large
spreads, interest revenues more than offset the banking losses. We introduce
two alternative profit and loss measurement approaches and different banking
book portfolios. We demonstrate that the banking spreads risk mitigation
property can be effectively used to reduce the integrated economic capital
needs for banking portfolios under both loss measurement approaches.

1 Introduction

The purpose of this work is to study the effect that banking spreads have in mitigating
potential losses within an integrated market and credit risk measurement framework.
The main idea of this article is to test whether financial institutions which operate in
higher credit spreads environments can better protect their capital base from portfolio
losses generated by credit defaults and interest rate risk. The idea of replacing standard
credit portfolio models, which equal capital needs to credit losses, in favor of integrated
frameworks which take into account gains from interest revenues is not new.

Since the appearance of the asymptotic single factor model (ASFM), first intro-
duced by Vasicek (1987) and reexamined by Finger (1999); Gordy (2003), multifactor
models have been developed to formulate integrated risk measurement approaches for
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market and credit risks. Duffie and Pan (2001) present a multi factor jump diffusion
model that provides an analytical method for computing risk integrated Value-at-Risk
(VaR) measures. Iscoe et al. (1999) propose a multi-step integrated market and credit
portfolio risk model, where the joint evolution of the credit and risk factors are used to
measure risk. Embrechts et al. (1999, 2002) pioneered the use of copulas in the study
of risk aggregation, further advanced by Glasserman et al. (2002) and Rosenberg and
Schuermann (2006) among others. Kupiec (2004, 2007) extends the ASFM to incorpo-
rate market risks to the classic credit loss portfolio approach in a Monte Carlo simulation
framework.

In this article, we extend some of the previous approaches in order to consider
real finite portfolios containing large exposures under a multi-period framework where
interest rate and credit default risks are jointly modelled. The revenues generated by
performing counterparties and the stochastic nature of funding costs are taken into
account for the purpose of measuring the potential losses arising from the interaction of
both risks.

In the first section of this work we present the theoretical framework used to de-
termine the stochastic dynamics of interest rates and credit defaults on an integrated
basis. Then, two alternative approaches for measuring losses in the banking book are
defined and used to quantify the accumulated losses in the banking book for a given time
horizon. In the third section, we conduct a numerical simulation on theoretical bank-
ing books in order to measure the banking spreads loss mitigation effect. In the last
section, we thoroughly analyze a banking book portfolio for a hypothetical large bank,
consisting of wholesale and retail sub-portfolios, taking into account their corresponding
characteristics, in terms of exposure concentration and credit rating distribution.

The authors would like to thank Jackson J. Souza for helping with the typesetting
and the revision of the text. They also thank Hugo J. Corrá for implementing the C++
libraries containing the algorithms described in the paper.

2 The Theoretical Framework

Let us assume that all exposures have ratings given by an internal rating system con-
sisting of N obligor ratings a = 1, 2, ...,m which map into 1-year unconditional default
probabilities PDa, a = 1, 2, ...,m. For the sake of our analysis we will consider homo-
geneous portfolios

∏
a consisting of Na equal exposures ej,a = Ea, j = 1, 2, ..., Na with

the same rating a and the same loss given default LGDa. The exposures are part of
a structural banking in which a financial institution borrows from short term facilities
and lends at a fixed rate yi,a = ya for a much longer period T . All loans are bullet loans
maturing at T .

We also assume that the short term funding facilities are renewed periodically at the
dates 0 = t0 < t1 < t2 < ..., ti−1 < ti < ... < tn with equal tenors δi = ti − ti−1 = δ � T
and that the borrowing rates that prevail at each date ti for the next date ti+1 are equal
to Li = Li(ti−1, ti). With the exception of L0, which is known at time t = 0, all other
rates are stochastic variables Li : [0,+∞) × Ω → R+ whose values are unknown over
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time and realized on future states ω ∈ Ω sample space of all interest rate trajectories.

At time t = 0, we assume that the bank borrows at a fixed rate L0 and lends at a
constant spread equal to Sa, for each rating a = 1, 2, ..., N , over the risk-free rate y(0, T )
for maturity period of the loan, T > 0. In other words, at the loan starting date, the
bank lends at a rate ya = y(0, T ) + Sa.

For the rest of our work, we will drop the rating subscript, a, and assume that the
credit risk parameters are fixed and the lending spread is equal to s. We will also assume
that the initial funding amount, F0, is equal to the initial credit funding needs A0. In
our homogeneous portfolio, each individual exposure will be equal to E = A0/N , and as
we have no funding gaps:

F0 = A0 (1)

We denote by Fi the funding needs at each renewal date ti and assuming a short
term rolling funding scheme, we have:

Fi = Fi−1 × (1 + δi−1 × Li−1(ti−1, ti)) (2)

The funding needs are random variables that depend on the future states ω ∈ Ω of
the interest rates L. Over time, the funding strategy creates an ever growing funding
liability that increases at the same rate as interest and principal are refinanced at each
refunding date ti. If we denote by DFi the random variables that represent the funding
liability increases created at each time step, we have:

DFi(ω) = Fi(ω)− Fi−1(ω) = δi−1 × Li−1 × Fi−1 (3)

To account for the default process, we define for each loan portfolio counterparty j
a random indicator function 1i,j that represents the state of obligor j at date ti:

1i,j =

{
1, if obligor j defaults between ti−1 and ti

0, else
(4)

We also assume that if an obligor defaults at some date ti, it stays in default until
the horizon T , i.e., for any obligor j, if li,j = 1 for some date i, then li′,j = 1 for any
date i′ > i.

The interaction between the level of interest rates and the credit state of the obligors
is accounted by means of a market model that describes the uncertainty of the interest
rates as well as by a mechanism that couples interest rates to probabilities of default.

For this purpose we define a Libor-type market model for the forward rates Li,
i = 1, 2, ..., n, driven by a single brownian motion which emulates a systemic factor Z of
the interest rates process:

dLi(t)

Li(t)
=

 i∑
j=β(t)

σi(t)× σj(t)
δj × Lj(t)

1 + δj × Lj(t)

 dt+ σi(t)dZt (5)
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Here β(t) accounts for past short term rates which are not alive anymore at date t,
that is to say, β(t) = j + 1 if tj−1 < t ≤ tj .

The impact of the systemic factor Z on the portfolio credit losses is determined by
means of a ASFM that links the interest rate shocks Zt to the default probabilities.
The conditional probability of default of an a-rated obligor with unconditional default
probability PDa for the time period (ti−1, ti) is given by:

PDa(ti−1, ti, Zti−1) = N

(
N−1(PDa)−

√
ρZti−1√

1− ρ

)
(6)

The factor Z at ti−1, acts as a driver for the default rates for the next period
and plays the role of a systemic factor that push default rates upwards when interest
rates increase and downwards when they decrease. The 1-year default probabilities
are converted into shorter term default rates assuming by hypothesis that all default
dates follow a homogeneous Poisson process. Moreover, the asset correlations ρ are
exogenous to the model. In this paper, we will assume that they are equal to the Basel
II regulatory correlation values, which in turn is a conservative assumption, in line with
banking supervision requirements.

2.1 Profit and Loss Measurement Methodologies

In order to measure the accumulated losses for a given time horizon, we will adopt two
alternative accounting measurement approaches for the earnings, which we call here Net
Interest Income and Mark-to-Market gains. We will measure both quantities over a time
period T ∗ = 1 of one year, which is the typical time horizon for the purpose of calculating
the minimum required capital.

We shall denote the profit-and-loss date any date t by P&Lt, and the cumulative
profit and loss by:

(P&L)cum,T ∗,s =
∑
ti≤T ∗

(P&L)ti (7)

In the next section, we demonstrate that sufficiently high levels of spreads have
the potential to mitigate the banking portfolio losses at high level of confidence, even
when the rates increase substantially. In other words, for any confidence level 0 < α =
1− ε < 1, there exists a critical value sα

∗ for the credit spreads such that for any spread
value s > sα

∗, the loan portfolio never sustains losses. This is equivalent to say that
its cumulative profit & loss distribution never becomes negative within that level of
confidence:

P (P&Lcum,T,s < 0) ≤ 1− α = ε (8)

To this end, we develop a Monte Carlo simulation procedure in which we conduct
a numerical analysis of the losses of loan portfolios with different credit ratings under a
stochastic evolution process of interest rates. Both earnings measurement approaches are
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used in this exercise. Simulated interest rates evolve according to the dynamics deter-
mined by the market model parameters and for each credit rating portfolio, we calculate
the critical spread above which no losses are observed within a given confidence level. It
is also assumed, for sake of simplicity, that general non-interest expenses incurred by the
bank to run its business are offset by an equal amount of fee-based revenues, generated
from advisory, account maintenance, asset management, payments, transfers and other
services.

2.1.1 Net Interest Income Approach

Under a Net Interest Income approach, we compute the profit-and-loss results of the
banking portfolio based on the net interest accrual. The P&L of the portfolio, at any
date, will take into account the accrued interest revenues generated by the performing
obligors and the losses arising from defaulted ones:

(P&L)ti = ACCi −DDi −DFi (9)

In the equation above, ACC stands for the accrued interest revenues coming from
the active obligors, DD represents the default losses and DF stands for the funding
costs. All these variables are random variables that depend not only on the values of
future funding rates but on the credit standing of the obligors as well. For any date ti
and any obligor j = 1, 2, ..., N , let:

ACCi,j = (1− 1i,j)× E ×∆ti × ya (10)

DDi,j = (1− 1i−1,j)× 1i,j × E × LGD (11)

The obligor indicator function in the interest revenue equation ensures that only the
performing loans accrue interest. In case of default, the obligor indicator function guar-
antees that the loss given default (LGD) is recorded only once. Therefore, at portfolio
level, we have:

ACCi =
N∑
j=1

ACCi,j DDi =
N∑
j=1

DDi,j (12)

The portfolio losses DDi are determined by the equation: DDi = E × LGD ×
LossFreq, where the Loss Frequency function is given by:

LossFreq =

N∑
j=1

(
1− 1{√ρZi−2+

√
1−ρεji−1<N−1(PD(ti−2,ti−1,Zi−2))}

)
× 1{√ρZi−1+

√
1−ρεji<N−1(PD(ti−1,ti,Zi−1))}

In the above expression, the variables, εj
i ∼ N(0, 1), are independent standard

normal variables that are simulated at every one of the tenor dates ti, i = 1, 2, ..., n for
each obligor j = 1, 2, ..., N .
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2.1.2 Mark-to-Market Approach

Under a mark-to-market perspective, we also consider the market value gains and losses
arising from interest rate changes and default events. We also assume that market values
gains and losses of performing loans are caused by the movements of the base interest
rate. This assumption allows us to keep the banking spreads constant for the lifetime of
the loans.

Let us denote by Bn(t) the discount factor to time t, that is to say:

Bn(t) =
n−1∏
j=β(t)

1

1 + δj × Lj(t)
(13)

We call y(ti, tn) the spot rate prevailing at date ti, which can be computed by means
of the formula:

y(ti, tn) =
1

tn − ti
(

1

Bn(t)
− 1) (14)

The market value of any obligor j at any date ti, i > 0, will depend not only at the
prevailing market rates, but also on the event of default. Let us introduce the following
notation for the discounted value of an exposure:

V (t, T, y;E; s) =
E

1 + (y + s)× (T − t)
(15)

At the initial date t = 0, no obligor is in default, so that the market value of any
exposure j = 1, 2, ..., N is given by:

Vj(0, tn, y(0, tn);E; s) =
E

1 + (y(0, tn) + s)× tn
(16)

Under the mark-to-market perspective, we have to compute the market gains as the
sum of three terms. At any date, only one of them will be non-zero:

MGj(ti) = [V (ti, tn, y(ti, T );Ej ; s)− V (ti, tn, y(ti−1, T );Ej ; s) + (y(0, T ) + s)× δi × Ej ]
× (1− 1i−1,j)× (1− 1i,j)

+ [V (ti, tn, y(ti, T );Ej × (1− LGD); s)− V (ti, tn, y(ti−1, T );Ej ; s)]

× (1− 1i−1,j)× 1i,j

+ [V (ti, tn, y(ti, T );Ej × (1− LGD); s)− V (ti, tn, y(ti−1, T );Ej × (1− LGD); s)]

× 1i−1,j × 1i,j
(17)

The first summand accounts for the market gains due to interest rate movements in
the absence of defaults. The second term accounts for the abrupt market change when
the default occurs, while the third summand accounts for market gains due to interest
rate movements on the residual post-default exposure. Only the first term contains
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the interest earned from loans that have performed up to that date. Summing over all
obligors, we arrive at the portfolio market gains at date ti:

MGi =

N∑
j=1

MGj(ti) (18)

As the bank borrows at the prevailing floating rates, the market value of the liability
funding stream is equal to its initial value, F0 = E0, as in the case of a floater. The
profit and loss values at any date ti are given by the following expression:

(P&L)ti = MGi −DFi (19)

3 Numerical Simulations

In this section, we develop a numerical analysis of the minimum spreads required avoid
losses in five homogeneous banking portfolios, with different credit ratings. We consider
an internal rating system consisting of 5 ratings AA, A, B, C, D and H, which map into
the following 1-year unconditional default probabilities. We use the regulatory values,
required by the Brazilian Central Bank for assessment of the minimum credit losses
provisions, as proxy for the one year default probabilities for each credit rating:

Rating 1- year Default Rate (%)

AA 0.1

A 0.5

B 1.0

C 3.0

D 10.0

H (Default) -

Let us assume that each rating portfolio consists of 1000 bullet loans of equal ex-
posure E = 100,000.00 and LGD = 100%, maturing in 2 years. We also assume that
the loan portfolios are financed by a three-month funding facility, which is refinanced
on each maturity date at the prevailing market rates. As defined above, each banking
portfolio has a significant structural maturity mismatch between assets and liabilities,
creating in this way a significant exposure to interest rate risk.

We calculate the solvency probabilities in a Monte-Carlo procedure that simulates
the joint behavior of the interest rates and the obligor credit standing for each exposure
during each time period. Then, we simulate interest rates, according to the market
model presented in section two, for a time horizon, T = 2 years, where the future 3-
month interest rates L1, L2, ... and L7 vary randomly. The interest rate model equation
is calibrated to actual interest rates, using the historic series of Brazilian 3-month rates
for the period between 14/02/2014 and 11/02/2015.

The initial values of the 3-month forward rates are :
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Rate L0 L1 L2 L3 L4 L5 L6 L7

Value (% p.a.) 12.04 12.7150 12.9717 12.9855 12.7717 12.7717 12.2951 12.2951

The return volatilities for the period are:

Rate Return Volatilities (% p.a.)

L1 0.4602%

L2 0.6455%

L3 0.8383%

L4 1.0695%

L5 1.0695%

L6 1.2893%

L7 1.2893%

The Monte-Carlo simulation is performed through a discretization scheme where the
future rates are simulated at equal discrete time increments ∆t and an Euler discretiza-
tion scheme is applied to ln(L), the natural logarithm of the rates:

Li(t+ ∆t) = Li(t)× e(µi(t)−0.5σi(t)
2)∆t +

√
∆t×σi(t)×∆Z(t+∆t) (20)

In the above expression ∆Z ∼ N(0, 1) are independent standard normal variables
and the drift coefficients are given by:

µi(t) =

 i∑
j=β(t)

σi(t)× σj(t)
δj × Lj(t)

1 + δj × Lj(t)

 (21)

The stochastic systemic factor that affects the default rates at any date ti will be
given by:

Zti =
1√
ki

ki∑
j=1

∆Z(j∆t), with ki = [
ti
∆t

] (22)

The time steps ∆t are chosen so that each of the tenor dates ti are integer multiples
of the discretization time step ∆t. In our simulation we consider the value ∆t = 1/48,
corresponding to time steps of one week.

We run m = 1,000,000 time evolution scenarios for the interest rates and for each
one of them we simulate the portfolio loss distribution according to the Vasicek 1-factor
model. Both loss measurement approaches, described in section 2, are used in this
exercise.

For each portfolio rating a = AA, A, B, C and D, we perform a Monte Carlo
simulation to determine the critical spread s∗a,α, for which no loss is observed at a given
confidence level, that is to say:
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s∗a,α = mins>0 {s > 0 : P (P&Lcum,T,s < 0) ≤ 1− α} (23)

3.1 Simulation Results under the NII Loss Measurement Approach

As expected the numerical simulations reveal that at higher banking spreads, the interest
accrued from performing loans offset portfolio losses in most cases. The spreads, which
are generally used by the Brazilian financial agents to price loan exposures, mitigate
most of the potential losses of the first four credit portfolio ratings.

The relationship between banking spreads and the cumulative loss probabilities is
shown in Figure 1, below:

Figure 1: Portfolio Loss Probabilities (NII Approach)

As for the required critical spreads, s∗a,α(% p.a.), calculated in our simulation, we
have the following results for each credit rating portfolio:

Confidence Level
99% 99,9% 99,93% 99,95% 99,97% 99,99%

Portfolio Rating

AA 0.23% 0.95% 1.10% 1.24% 1.47% 1.92%

A 2.37% 4.52% 4.88% 5.20% 5.78% 6.96%

B 4.64% 8.06% 8.68% 9.19% 10.11% 11.82%

C 12.50% 19.51% 20.65% 21.76% 23.42% 26.99%

D 36.36% 51.85% 54.45% 56.95% 60.22% 68.27%
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3.2 Simulation Results under the MtM Measurement Approach

The numerical simulations performed using the Mark-to-Market measurement approach,
present approximately the same picture, as shown in the previous approach. This can
be seen in Figure 2, below:

Figure 2: Portfolio Loss Probabilities (MtM Approach)

As for the required critical spreads, s∗a,α(% p.a.), calculated in our simulation, we
have the following results for each credit rating portfolio:

Confidence Level
99% 99,9% 99,93% 99,95% 99,97% 99,99%

Portfolio Rating

AA 0.0% 0.19% 0.32% 0.45% 0.64% 1.09%

A 1.24% 3.14% 3.45% 3.72% 4.14% 5.34%

B 3.10% 5.89% 6.31% 6.79% 7.44% 8.95%

C 9.04% 14.03% 14.82% 15.45% 16.46% 18.91%

D 24.16% 32.67% 33.95% 35.24% 36.81% 40.40%

3.3 Market Average Banking Spreads & Loss Probabilities

The results obtained under each loss measurement approach are similar in nature and
differ only due to the way that profits and losses of a banking portfolio are measured.

The simulations show that even for lower credit ratings portfolios such as B and C,
high spreads can be consistently used to mitigate potential interest rate and credit losses
in banking portfolios.
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To demonstrate this mitigation effect, we take the actual 2014 Brazilian banking
spread average for the wholesale and retail segments, published by the Brazilian Central
Bank:

Month (2014) Spreads (% p.a., Enterprises) Spreads (% p.a., Consumer/Retail)

Jan 7.6 17.3

Fev 7.7 18.2

Mar 7.7 18.3

Abr 7.8 18.6

Mai 8.1 18.8

Jun 7.7 19.1

Jul 8.1 19.4

Ago 7.8 19.1

Set 7.8 18.8

Out 7.8 19.2

Nov 7.6 18.9

Dez 7.4 18.2

Anual Average 7.7583 18.6583

Recalculating the banking portfolios loss probabilities using the 2014 spread aver-
ages, shown above, we obtain negligible or very small loss probabilities for the four out
of five ratings of the retail sector and for the three out of five ratings of the wholesale
segment, as seen in the table below:

Segment Credit Rating Spreads (% p.a.)
P(P&L < 0) (bps) P(P&L < 0) (bps)

(NII) (MtM)

Wholesale

AA 7.7583 0 0

A 7.7583 0.69 0.08

B 7.7583 11.89 2.34

C 7.7583 552.65 184.03

D 7.7583 6344 4164.76

Retail

AA 18.6583 0 0

A 18.6583 0 0

B 18.6583 0.02 0

C 18.6583 13.61 1.55

D 18.6583 1444.34 402.25
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4 A Model Case Analysis

In this section we apply the same simulation procedure to a typical banking portfolio
of a large Brazilian bank. Our theoretical bank has a R$ 350 billion credit portfolio,
comprised by a R$ 210 billion wholesale loan portfolio and a granular retail portfolio
with exposures totaling R$ 140 billion. The wholesale segment portfolio contains some
large exposures that affect the loss distribution in a significant way.

In this numerical experiment, we shall conduct two distinct simulations that address
two different credit rating profiles. The first simulation, our baseline credit scenario,
considers a banking portfolio whose exposures are distributed along the credit ratings
according to the following table:

Exposure Rating Portfolio Fraction (%)

AA 22.0

A 42.0

B 20.0

C 14.0

D 2.0

In the second simulation, which we call the stress run, we modify the portfolio credit
rating profile by means of a credit downgrade of one degree in the credit scale:

Exposure Rating Portfolio Fraction (%)

AA 0.0

A 22.0

B 42.0

C 20.0

D 16.0

The large exposures contained in the wholesale portfolio shall have a rating AA in
the baseline scenario or a rating A in the stress scenario. They are distributed as follows:

Largest Credit Risk Concentration Total Exposure (R$ million) % Banking Portfolio

Largest Exposures 7500.00 2.14%

10 Largest Exposures 25000.00 7.14%

20 Largest Exposures 40000.00 11.43%

50 largest Exposures 60000.00 17.14%

100 Largest Exposures 75000.00 21.43%

Pricing the loans with the average spreads of 7% and 18% for the wholesale and
retail segments respectively, we arrive at the following loss probabilities in the baseline
credit scenario:



Measuring Banking Portfolio Losses Under an
Integrated Framework of Market and Credit Risk 13

Portfolio
Loss Probability: P(P&L < 0) (bps) Loss Probability: P(P&L < 0) (bps)

(NII) (MtM)

Bank (Wholesale + Retail) 0.12 0.01

Wholesale 1.09 0.11

Retail 0.00 0.00

Using the banking portfolio exposure percentages of each the credit rating of the
credit stress scenario, we arrive at the following loss probabilities:

Portfolio
Loss Probability: P(P&L < 0) (bps) Loss Probability: P(P&L < 0) (bps)

(NII) (MtM)

Bank (Wholesale + Retail) 14.00 1.83

Wholesale 83.12 17.4

Retail 2.02 0.07

In the baseline scenario, the integrated risk loss probabilities for the bank as whole
are very small or negligible. On the other hand, we perceive a significant increase in the
integrated risk loss probabilities as the credit quality of the banking portfolio deteriorates
and the spreads are kept constant. This combined effect produces a loss probability of
14 basis points for the bank as a whole, against a 0.12 basis point loss probability in the
former case.

5 Conclusions

We have shown in this work the significant effect that banking spreads have in mitigating
potential losses within an integrated market and credit risk measurement framework.
To accomplish this result, we introduced in the first section of this work the theoretical
framework used to determine the stochastic dynamics of interest rates and credit defaults
on an integrated basis. Then, we presented two alternative approaches for measuring
losses in the banking book, which were used to quantify the accumulated losses for a given
time horizon. We also conducted numerical simulations on theoretical banking book with
a significant maturity mismatch between assets and liabilities, in order to quantify the
banking spreads loss mitigation effect under different credit quality portfolios. In the last
section, we introduced a banking book portfolio for a hypothetical large bank, consisting
of wholesale and retail segments, considering the specific nature of each segment, in
terms of exposure concentration and credit rating distribution. All results presented in
our work point to the well-known fact that financial institutions, in general, mitigate
banking portfolio losses by increasing banking spreads when the credit quality of loan
portfolios declines.
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